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Extensive Air Shower
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pair production γ ! e++e-

bremsstrahlung e ! e+γ

radiation length X0=36.7 g/cm2
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Abstract

A simple, semi-empirical model is used to develop the hadronic portion of air showers in a manner analogous to the
well-known Heitler splitting approximation of electromagnetic cascades. Various characteristics of EAS are plainly
exhibited with numerical predictions in good accord with detailed Monte Carlo simulations and with data. Results
for energy reconstruction, muon and electron sizes, the elongation rate, and for the effects of the atomic number of
the primary are discussed.
! 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Extensive air showers develop in a complex way
as a combination of electromagnetic cascades and
hadronic multiparticle production. It is necessary
to perform detailed numerical simulations of air
showers to infer the properties of the primary cos-
mic rays that initiate them. But simulations are a
challenge since the number of charged particles
in a high energy shower can be enormous, perhaps
exceeding 1010. The design of algorithms is also

hampered by limited knowledge of interaction
cross-sections and particle production at high
energies.

Before the era of high-speed computing, Heitler
presented a very simple model of electromagnetic
(EM) cascade development [1]. He and others in
that time (notably Rossi [2]) also developed more
sophisticated analytical tools, which included
more physical effects. Such approaches, past and
present, are well described by Gaisser [3].

We will consider here Heitler!s simplest concep-
tion of EM cascades and extend it to the case
of extensive air showers. The purpose of using
a very simple model is to show plainly the physics
involved. It cannot replace fully detailed
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A Matthews Heitler Model – Electromagnetic 
Cascades
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Energy measurement - calorimeter
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Fig. 13. Measured energy deposition as function of depth in the calorimeter for hadrons with energies from 30 to 350GeV. The lines represent fits
according to Eq. (7).
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Fig. 14. Simulated energy deposition as function of depth in the calorimeter for hadrons with energies from 30 to 350GeV. The lines represent fits
according to Eq. (7).
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highest energies available at test beams to complement
earlier measurements at lower energies [22] and to check
the calibration procedure applied.

For a direct verification at a particle beam a small
calorimeter module, with a structure similar to the
calorimeter of the KASCADE experiment has been set
up at the CERN SPS. The detector and its operation are
described in Sections 2 and 3, respectively. The key point of
the physical calibration of the liquid ionization chambers is
that the signal yield depends on the purity of the liquid.
The corresponding procedure is discussed in Section 4. The
lateral and longitudinal development of cascades in the
calorimeter is investigated in Sections 5 and 6. The relation
between incident particle energy and registered energy is
outlined in Section 7.

2. Experimental set-up

The structure of a ionization chamber is sketched in Fig.
1. It consists of a 50! 50 cm2 stainless-steel box (made of
1mm thick plates), with a thickness of 1.7 cm, containing
four electrodes (25! 25 cm2, 1mm thick) positioned in the
mid-plane of the box by ceramic spacers. The mid-electrode
forms two gaps with 7mm liquid each. A ceramic
feedthrough allows to apply high voltage to the electrodes
and to read out their signals independently, ensuring a fine
spatial segmentation of the calorimeter. A feedback
preamplifier is mounted directly on the chamber in order

to reduce noise pick-up. The detectors are filled with the
liquid tetramethylpentane.
A set-up similar to the longitudinal structure of the

KASCADE-Grande calorimeter has been chosen as
sketched in Fig. 2. 60 ionization chambers are arranged
in 15 layers, forming a detector with 1m2 active area,
segmented in 16 individual read-out pads (25! 25 cm2) per
layer. The chambers are installed in gaps of 9 cm width
between the absorber slabs. A layer of chambers is installed
in front and behind the absorber, respectively. The
absorber consists of a lead layer (5 cm thick, corresponding
to 0.3 hadronic interaction lengths li or 8.9 radiation
lengths X 0) followed by 13 layers of iron slabs, each 10 cm
thick (0.6 li or 5.7 X 0). The total depth amounts to 8.2 li.
The sampling fraction of the calorimeter is about 2%.
The read-out electronics is identical to the one used in

the KASCADE-Grande calorimeter [10]. A charge-inte-
grating preamplifier is mounted directly on each chamber.
The signals are transmitted to a combined main amplifier
and 13-bit ADC unit with a VME-based read-out. The
dynamic range of the electronics is about 1: 6! 104 [10].
For electronic calibration, a test charge was injected via a
precision capacitor directly to the preamplifier of each
channel.
Two plastic scintillators were installed in front of the

calorimeter as trigger counters for the pion and electron
runs. A third scintillator behind the calorimeter was used in
dedicated runs to select muons.

3. Measurements and simulations

The calorimeter was set up at the H4 beamline of the
Super Proton Synchrotron (SPS) at CERN. It was exposed
to beams of protons, pions, electrons, and muons with
energies between 15 and 350GeV. Protons and pions could
not be distinguished, they are treated as hadrons, as in the
air shower experiment.
To identify electrons, a lead plate (15mm thick,

corresponding to 3.1X 0 or 0.09 li, not shown in Fig. 2)
has been placed in front of the first layer of ionization
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Fig. 1. Schematic view of a liquid ionization chamber.
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Fig. 2. Schematic view of the sampling calorimeter.
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sampling calorimeter
alternating layers of absorber 
material and detectors

experimental values. A possible reason for the discrepan-
cies will be discussed in the next section.

6. Longitudinal distribution of energy depositions

Integration over the lateral energy distribution yields the
total energy deposit for each layer. It is shown as function
of depth in the calorimeter in Fig. 11. The two summands
in Eq. (5) have been integrated separately and the
longitudinal development of both components is shown.
In the region of the maximum, the total energy deposition
is clearly dominated by the central component, while at
depths exceeding six interaction lengths the outer (flatter)
component becomes more important. The latter penetrates
deeper into the absorber and is more weakly attenuated
beyond the cascade maximum. This can be interpreted as
experimental hint that this component indeed contains a
large fraction of neutrons.

The data points have been fitted using the approach

EdepðtÞ ¼ A $ tB $ expð% t=CÞ (7)

originally introduced for electromagnetic cascades [28].
The absorber depth t is measured in interaction lengths
li or radiation lengths X 0 for hadrons and electrons,
respectively. B characterizes the growth of the cascade
before the maximum and C the exponential decrease at
large depths.

The positions of the cascade maximum tmax ¼ 1=ðB $ CÞ
for the two components are shown as function of hadron
energy in Fig. 12. As expected, the position of the
maximum depends logarithmically on the energy for both
components. Also, results of simulations are given in the
figure. A reasonable agreement can be recognized for the
inner component. On the other hand, in the simulations the
neutron rich component penetrates about 0.5 li deeper into

the absorber as compared to the measurements. The
difference is also seen in Fig. 11. This effect has been
suspected already previously [10]. The separate long-
itudinal development curves used in the present analysis
clearly show the effect. However, it should be noted that
this is an interesting detail of the shower development but
only a small effect for the total energy deposition. The
latter is dominated by the inner component, for which a
good agreement between measurements and simulations
can be stated.
The total energy deposition in each layer for hadrons

with energies from 30 to 350GeV is plotted for measured
and simulated cascades in Figs. 13 and 14, respectively. The
lines represent fits using Eq. (7). The positions of the
cascade maxima tmax increase logarithmically with energy
for both, measurements and simulations. Good agreement
is found between measurements and simulations, the
increase amounts to 0.55 li/decade in energy and 0.58 li/
decade in energy, respectively. In the figures it can be seen
that the exponential decrease after the maximum is
stronger in the measurements as compared to the simula-
tions.
The attenuation length C in Eq. (7) is plotted as function

of hadron energy for measured and simulated cascades in
Fig. 15. For high-energy hadrons the measured attenuation
length is C ¼ 1:1 li. Over the whole energy range, the
measured attenuation length is about 0.3 li smaller than in
the FLUKA code.
The sampling of the calorimeter is optimized for hadrons

and is rather coarse for electrons. Nevertheless, the
response for incident electrons has been studied. The
longitudinal energy depositions are shown in Fig. 16 for
particles with energies from 15 to 100GeV. Again, Eq. (7)
has been used to fit the data. As can be recognized, no data
points are available near the maximum of the cascades. As
a consequence, the longitudinal distribution and the total
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is used to approximate the energy density dE as function of
the distance r to the beam axis. C1, C2, r1, and r2 are fit
parameters. It can be recognized that the energy deposition
varies significantly within the lateral extension of a pad
(25! 25 cm2). In the example shown, the energy deposition
at 10 and 20 cm distance differ by more than a factor of 10.
Hence, the approximation to assign the complete energy
deposition in a pad to its geometric center is only a rough
approximation. Therefore, in a fit procedure Eq. (5) has
been integrated over the area of each pad

DE ¼
Z

Dx

Z

Dy

dEðx; yÞdxdy (6)

and the resulting energy deposition is fitted to the data,
determining the values C1, C2, r1, and r2 for each layer.

The result for 300GeV hadrons is shown in Fig. 9. In the
front layers the two regions with a steep and a flat fall-off
can be distinguished clearly. The slope of the inner
component becomes flatter with growing depth and the
transition in the slope between the inner and outer
component becomes less pronounced in the rear part of
the calorimeter.

The energy deposition in the outer or halo region has
been conjectured to be caused by low-energy neutrons
which penetrate easier to these outer regions than charged
particles due to their lower energy loss as compared to
protons. We have studied the effect by treating the energy
deposition of neutrons in the simulations separately. It
turned out that they are only partly responsible for the
kink and low-energy charged particles make up the halo as
well [10].

The scale radii r1 and r2 as function of depth are
summarized in Fig. 10 for hadrons with energies from 100
to 350GeV. Both parameters increase as function of depth,

which illustrates that the cascades become wider when
penetrating deeper into the absorber. The behavior is
nearly independent of the energy. The values for the inner
component range between about 1.5 and 2.5 cm, implying
that the energy is extremely concentrated around the beam
axis. Within the innermost 10 cm the lateral distribution
falls off by a factor of almost 800 in the front layers and
about 50 in the rear. The parameter r2 varies between
about 9 and 14 cm.
The results from simulations are shown in Fig. 9 as well.

They reflect the overall trend of the measurements but, on a
closer look, reveal also differences with respect to the
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highest energies available at test beams to complement
earlier measurements at lower energies [22] and to check
the calibration procedure applied.

For a direct verification at a particle beam a small
calorimeter module, with a structure similar to the
calorimeter of the KASCADE experiment has been set
up at the CERN SPS. The detector and its operation are
described in Sections 2 and 3, respectively. The key point of
the physical calibration of the liquid ionization chambers is
that the signal yield depends on the purity of the liquid.
The corresponding procedure is discussed in Section 4. The
lateral and longitudinal development of cascades in the
calorimeter is investigated in Sections 5 and 6. The relation
between incident particle energy and registered energy is
outlined in Section 7.

2. Experimental set-up

The structure of a ionization chamber is sketched in Fig.
1. It consists of a 50! 50 cm2 stainless-steel box (made of
1mm thick plates), with a thickness of 1.7 cm, containing
four electrodes (25! 25 cm2, 1mm thick) positioned in the
mid-plane of the box by ceramic spacers. The mid-electrode
forms two gaps with 7mm liquid each. A ceramic
feedthrough allows to apply high voltage to the electrodes
and to read out their signals independently, ensuring a fine
spatial segmentation of the calorimeter. A feedback
preamplifier is mounted directly on the chamber in order

to reduce noise pick-up. The detectors are filled with the
liquid tetramethylpentane.
A set-up similar to the longitudinal structure of the

KASCADE-Grande calorimeter has been chosen as
sketched in Fig. 2. 60 ionization chambers are arranged
in 15 layers, forming a detector with 1m2 active area,
segmented in 16 individual read-out pads (25! 25 cm2) per
layer. The chambers are installed in gaps of 9 cm width
between the absorber slabs. A layer of chambers is installed
in front and behind the absorber, respectively. The
absorber consists of a lead layer (5 cm thick, corresponding
to 0.3 hadronic interaction lengths li or 8.9 radiation
lengths X 0) followed by 13 layers of iron slabs, each 10 cm
thick (0.6 li or 5.7 X 0). The total depth amounts to 8.2 li.
The sampling fraction of the calorimeter is about 2%.
The read-out electronics is identical to the one used in

the KASCADE-Grande calorimeter [10]. A charge-inte-
grating preamplifier is mounted directly on each chamber.
The signals are transmitted to a combined main amplifier
and 13-bit ADC unit with a VME-based read-out. The
dynamic range of the electronics is about 1: 6! 104 [10].
For electronic calibration, a test charge was injected via a
precision capacitor directly to the preamplifier of each
channel.
Two plastic scintillators were installed in front of the

calorimeter as trigger counters for the pion and electron
runs. A third scintillator behind the calorimeter was used in
dedicated runs to select muons.

3. Measurements and simulations

The calorimeter was set up at the H4 beamline of the
Super Proton Synchrotron (SPS) at CERN. It was exposed
to beams of protons, pions, electrons, and muons with
energies between 15 and 350GeV. Protons and pions could
not be distinguished, they are treated as hadrons, as in the
air shower experiment.
To identify electrons, a lead plate (15mm thick,

corresponding to 3.1X 0 or 0.09 li, not shown in Fig. 2)
has been placed in front of the first layer of ionization
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hadrons hit the calorimeter homogeneously, due to the fine
lateral segmentation of the calorimeter with about 4800
channels per detector layer, the energy is deposited in
independent channels. Thus, the uncertainties of the
average hadron energy are smaller than for an individual
hadron at a particular point of incidence and are of the
order of a few (! 3) percent only.

How well the muon signals in the chambers are
calibrated in case the electron lifetimes obtained at the
accelerator are used is shown in Fig. 7 for three different

high voltages. Relatively large deviations are found for the
ninth layer. For this particular chamber the signal for a
minimum ionizing particle is only slightly above the noise
and the signal of this chamber is not considered in the
following. The average energy deposit amounts to
2:21" 0:1, 2:19" 0:06, and 2:33" 0:05MeV for 4, 4.5,
and 5 kV, respectively. The three values deviate at most by
4% from the value obtained in the simulations
(2:23" 0:01MeV). The mean quadratic deviations of the
individual chambers from the mean values are 4.2%, 2.5%,
and 2.0% for the three high voltage values, respectively.
With increasing high voltage more charge is collected and
the deviations decrease. For the data used in the following
analyses the chambers were operated at 5 kV and the
uncertainties in muon energy calibration can be taken to be
about 2%.

5. Lateral distribution of energy depositions

The lateral distribution of the cascades is sampled in 16
channels per layer. In a first approximation, the distance r
from the beam axis to the center of each pad is used as the
position of the energy deposition. As an example, the
energy deposition for 300GeV hadrons in the fourth layer
of the calorimeter is plotted in Fig. 8. One notices a strong
decrease as function of distance to the beam axis and that
two regions can be distinguished, which are indicated by
the dashed lines. The measurements can be approximated
by an exponential function with a steep slope in the inner
region up to about 25 cm from the beam axis, and a flatter
outer part.
The ansatz

dEðrÞ ¼ C1 & exp '
r

r1

! "
þ C2 & exp '

r

r2

! "
(5)
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electrons

highest energies available at test beams to complement
earlier measurements at lower energies [22] and to check
the calibration procedure applied.

For a direct verification at a particle beam a small
calorimeter module, with a structure similar to the
calorimeter of the KASCADE experiment has been set
up at the CERN SPS. The detector and its operation are
described in Sections 2 and 3, respectively. The key point of
the physical calibration of the liquid ionization chambers is
that the signal yield depends on the purity of the liquid.
The corresponding procedure is discussed in Section 4. The
lateral and longitudinal development of cascades in the
calorimeter is investigated in Sections 5 and 6. The relation
between incident particle energy and registered energy is
outlined in Section 7.

2. Experimental set-up

The structure of a ionization chamber is sketched in Fig.
1. It consists of a 50! 50 cm2 stainless-steel box (made of
1mm thick plates), with a thickness of 1.7 cm, containing
four electrodes (25! 25 cm2, 1mm thick) positioned in the
mid-plane of the box by ceramic spacers. The mid-electrode
forms two gaps with 7mm liquid each. A ceramic
feedthrough allows to apply high voltage to the electrodes
and to read out their signals independently, ensuring a fine
spatial segmentation of the calorimeter. A feedback
preamplifier is mounted directly on the chamber in order

to reduce noise pick-up. The detectors are filled with the
liquid tetramethylpentane.
A set-up similar to the longitudinal structure of the

KASCADE-Grande calorimeter has been chosen as
sketched in Fig. 2. 60 ionization chambers are arranged
in 15 layers, forming a detector with 1m2 active area,
segmented in 16 individual read-out pads (25! 25 cm2) per
layer. The chambers are installed in gaps of 9 cm width
between the absorber slabs. A layer of chambers is installed
in front and behind the absorber, respectively. The
absorber consists of a lead layer (5 cm thick, corresponding
to 0.3 hadronic interaction lengths li or 8.9 radiation
lengths X 0) followed by 13 layers of iron slabs, each 10 cm
thick (0.6 li or 5.7 X 0). The total depth amounts to 8.2 li.
The sampling fraction of the calorimeter is about 2%.
The read-out electronics is identical to the one used in

the KASCADE-Grande calorimeter [10]. A charge-inte-
grating preamplifier is mounted directly on each chamber.
The signals are transmitted to a combined main amplifier
and 13-bit ADC unit with a VME-based read-out. The
dynamic range of the electronics is about 1: 6! 104 [10].
For electronic calibration, a test charge was injected via a
precision capacitor directly to the preamplifier of each
channel.
Two plastic scintillators were installed in front of the

calorimeter as trigger counters for the pion and electron
runs. A third scintillator behind the calorimeter was used in
dedicated runs to select muons.

3. Measurements and simulations

The calorimeter was set up at the H4 beamline of the
Super Proton Synchrotron (SPS) at CERN. It was exposed
to beams of protons, pions, electrons, and muons with
energies between 15 and 350GeV. Protons and pions could
not be distinguished, they are treated as hadrons, as in the
air shower experiment.
To identify electrons, a lead plate (15mm thick,

corresponding to 3.1X 0 or 0.09 li, not shown in Fig. 2)
has been placed in front of the first layer of ionization
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energy deposit in the calorimeter can be determined
roughly only. Nevertheless, the measurements seem to be
described rather well by the simulations, shown also in the
figure. The measured attenuation length C in Eq. (7)
amounts to about 1.6 X 0 at high energies.

The depth of the maxima tmax increases logarithmically
with energy. The function

tmax ¼ X 0 ln
E

Ec

! "
(8)

has been fitted to the measurements to determine the
effective critical energy Ec and the radiation length X 0 for
the lead iron absorber in combination with the air gaps.

The values X 0 ¼ 11:5" 0:7 g=cm2 and Ec ¼ 7:4" :7MeV
have been obtained. The very first layer of the calorimeter
is at 3 X 0 behind the small lead plate used to select
electrons as described above, the second layer is behind the
5 cm lead absorber, i.e. up to the cascade maxima only lead
absorbers are involved. But it has to be considered that Eq.
(7) is fitted to the whole data set, i.e. the position of the
maximum is also influenced by the presence of the iron
absorbers at larger depths.
The radiation length obtained is between the literature

values for iron (13:84 g=cm2 and lead (6:37 g=cm2) [29, p.
98] . The critical energy in solids can be approximated as
Ec ¼ 610MeV=ðZ þ 1:24Þ [29, p. 247], yielding EFe

c ¼
22:4MeV for iron and EPb

c ¼ 7:3MeV for lead. The
effective value obtained in the present investigations is
well compatible with Ec for lead.
Another interesting point is the number of electrons at

shower maximum. Recently, a simple Heitler model has
been used to estimate the number of electrons in air
showers [30], approximating the electron number as
Ne ¼ E=ðEc gÞ. The parameter g has to be determined
from measurements. Using the present results, a value of
g¼ 20 is obtained, confirming the estimate of Ref. [30].

7. Integral energy sum

To reconstruct the energies of incident hadrons, the
energy deposition in each layer is weighted with the
amount of absorber material ti in front of the layer,
measured in interaction lengths li. This procedure has to
be applied for the KASCADE calorimeter due to its
inhomogeneous sampling structure and is used for the
present analysis as well to ensure compatibility. The
resulting weighted energy sum is shown in Fig. 17.
Measured values are compared to simulation results. At

ARTICLE IN PRESS

Hadron energy E0 [GeV]

w
ei

gh
te

d 
ΣE

 [λ
iM

eV
]

Measurement

Simulation

0

1000

2000

3000

4000

5000

0 50 100 150 200 250 300 350

Fig. 17. Energy sum in the calorimeter as function of the incident hadron
energy. The energy in each layer is weighted with the amount of absorber
in front of the layer.

Energy [GeV]

A
tte

nu
at

io
n 

le
ng

th
 [λ

i]

Simulation

Measurement

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0 50 100 150 200 250 300 350

Fig. 15. Attenuation length as function of hadron energy for measured
and simulated hadrons.

Depth [X0]

E
ne

rg
y 

de
po

si
tio

n 
[M

eV
]

15 GeV

30 GeV

50 GeV

100 GeV

1

10

102

103

0 5 10 15 20 25 30 35

Fig. 16. Energy deposition as function of depth in the calorimeter for
electrons. Shown are measurements (filled symbols) and results of
simulations (open symbols). The lines represent fits to the measurements
according to Eq. (7).

S. Plewnia et al. / Nuclear Instruments and Methods in Physics Research A 566 (2006) 422–432430

energy deposit in the calorimeter can be determined
roughly only. Nevertheless, the measurements seem to be
described rather well by the simulations, shown also in the
figure. The measured attenuation length C in Eq. (7)
amounts to about 1.6 X 0 at high energies.

The depth of the maxima tmax increases logarithmically
with energy. The function

tmax ¼ X 0 ln
E

Ec

! "
(8)

has been fitted to the measurements to determine the
effective critical energy Ec and the radiation length X 0 for
the lead iron absorber in combination with the air gaps.

The values X 0 ¼ 11:5" 0:7 g=cm2 and Ec ¼ 7:4" :7MeV
have been obtained. The very first layer of the calorimeter
is at 3 X 0 behind the small lead plate used to select
electrons as described above, the second layer is behind the
5 cm lead absorber, i.e. up to the cascade maxima only lead
absorbers are involved. But it has to be considered that Eq.
(7) is fitted to the whole data set, i.e. the position of the
maximum is also influenced by the presence of the iron
absorbers at larger depths.
The radiation length obtained is between the literature

values for iron (13:84 g=cm2 and lead (6:37 g=cm2) [29, p.
98] . The critical energy in solids can be approximated as
Ec ¼ 610MeV=ðZ þ 1:24Þ [29, p. 247], yielding EFe

c ¼
22:4MeV for iron and EPb

c ¼ 7:3MeV for lead. The
effective value obtained in the present investigations is
well compatible with Ec for lead.
Another interesting point is the number of electrons at

shower maximum. Recently, a simple Heitler model has
been used to estimate the number of electrons in air
showers [30], approximating the electron number as
Ne ¼ E=ðEc gÞ. The parameter g has to be determined
from measurements. Using the present results, a value of
g¼ 20 is obtained, confirming the estimate of Ref. [30].

7. Integral energy sum

To reconstruct the energies of incident hadrons, the
energy deposition in each layer is weighted with the
amount of absorber material ti in front of the layer,
measured in interaction lengths li. This procedure has to
be applied for the KASCADE calorimeter due to its
inhomogeneous sampling structure and is used for the
present analysis as well to ensure compatibility. The
resulting weighted energy sum is shown in Fig. 17.
Measured values are compared to simulation results. At
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experimental values. A possible reason for the discrepan-
cies will be discussed in the next section.

6. Longitudinal distribution of energy depositions

Integration over the lateral energy distribution yields the
total energy deposit for each layer. It is shown as function
of depth in the calorimeter in Fig. 11. The two summands
in Eq. (5) have been integrated separately and the
longitudinal development of both components is shown.
In the region of the maximum, the total energy deposition
is clearly dominated by the central component, while at
depths exceeding six interaction lengths the outer (flatter)
component becomes more important. The latter penetrates
deeper into the absorber and is more weakly attenuated
beyond the cascade maximum. This can be interpreted as
experimental hint that this component indeed contains a
large fraction of neutrons.

The data points have been fitted using the approach

EdepðtÞ ¼ A $ tB $ expð% t=CÞ (7)

originally introduced for electromagnetic cascades [28].
The absorber depth t is measured in interaction lengths
li or radiation lengths X 0 for hadrons and electrons,
respectively. B characterizes the growth of the cascade
before the maximum and C the exponential decrease at
large depths.

The positions of the cascade maximum tmax ¼ 1=ðB $ CÞ
for the two components are shown as function of hadron
energy in Fig. 12. As expected, the position of the
maximum depends logarithmically on the energy for both
components. Also, results of simulations are given in the
figure. A reasonable agreement can be recognized for the
inner component. On the other hand, in the simulations the
neutron rich component penetrates about 0.5 li deeper into

the absorber as compared to the measurements. The
difference is also seen in Fig. 11. This effect has been
suspected already previously [10]. The separate long-
itudinal development curves used in the present analysis
clearly show the effect. However, it should be noted that
this is an interesting detail of the shower development but
only a small effect for the total energy deposition. The
latter is dominated by the inner component, for which a
good agreement between measurements and simulations
can be stated.
The total energy deposition in each layer for hadrons

with energies from 30 to 350GeV is plotted for measured
and simulated cascades in Figs. 13 and 14, respectively. The
lines represent fits using Eq. (7). The positions of the
cascade maxima tmax increase logarithmically with energy
for both, measurements and simulations. Good agreement
is found between measurements and simulations, the
increase amounts to 0.55 li/decade in energy and 0.58 li/
decade in energy, respectively. In the figures it can be seen
that the exponential decrease after the maximum is
stronger in the measurements as compared to the simula-
tions.
The attenuation length C in Eq. (7) is plotted as function

of hadron energy for measured and simulated cascades in
Fig. 15. For high-energy hadrons the measured attenuation
length is C ¼ 1:1 li. Over the whole energy range, the
measured attenuation length is about 0.3 li smaller than in
the FLUKA code.
The sampling of the calorimeter is optimized for hadrons

and is rather coarse for electrons. Nevertheless, the
response for incident electrons has been studied. The
longitudinal energy depositions are shown in Fig. 16 for
particles with energies from 15 to 100GeV. Again, Eq. (7)
has been used to fit the data. As can be recognized, no data
points are available near the maximum of the cascades. As
a consequence, the longitudinal distribution and the total
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Abstract

A simple, semi-empirical model is used to develop the hadronic portion of air showers in a manner analogous to the
well-known Heitler splitting approximation of electromagnetic cascades. Various characteristics of EAS are plainly
exhibited with numerical predictions in good accord with detailed Monte Carlo simulations and with data. Results
for energy reconstruction, muon and electron sizes, the elongation rate, and for the effects of the atomic number of
the primary are discussed.
! 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Extensive air showers develop in a complex way
as a combination of electromagnetic cascades and
hadronic multiparticle production. It is necessary
to perform detailed numerical simulations of air
showers to infer the properties of the primary cos-
mic rays that initiate them. But simulations are a
challenge since the number of charged particles
in a high energy shower can be enormous, perhaps
exceeding 1010. The design of algorithms is also

hampered by limited knowledge of interaction
cross-sections and particle production at high
energies.

Before the era of high-speed computing, Heitler
presented a very simple model of electromagnetic
(EM) cascade development [1]. He and others in
that time (notably Rossi [2]) also developed more
sophisticated analytical tools, which included
more physical effects. Such approaches, past and
present, are well described by Gaisser [3].

We will consider here Heitler!s simplest concep-
tion of EM cascades and extend it to the case
of extensive air showers. The purpose of using
a very simple model is to show plainly the physics
involved. It cannot replace fully detailed
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A Matthews Heitler Model – Electromagnetic 
Cascades
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A Matthews Heitler Model – Hadronic Cascades
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A Matthews Heitler Model – Nµ and Ne
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A Matthews Heitler Model – mass resolution in EAS 
measurements
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the difference should be of the order of Dg ! 0:02.
However, fits to the experimental data (lines in Fig. 2)
yield gp ¼ #2:71$ 0:02 and gHe ¼ #2:64$ 0:02 [4], result-
ing in a difference Dg ¼ 0:07.

3. Extensive air showers

When high-energy cosmic-ray particles penetrate the
Earth’s atmosphere they interact and generate a cascade of
secondary particles, the extensive air showers. Two types of
experiments may be distinguished to register air showers:
installations measuring the longitudinal development of
showers (or the depth of the shower maximum) in the
atmosphere by observations of Cherenkov or fluorescence
light and apparatus measuring the density (and energy) of
secondary particles (electrons, muons, hadrons) at ground
level.

The shower energy is proportional to the total light
collected or to the total number of particles recorded at
observation level. More challenging is an estimation of the
mass of the primary particle. It is either derived by a
measurement of the depth of the shower maximum Xmax

and the fact that the depth of the shower maximum for a
primary particle with mass A relates to the depth of the
maximum for proton induced showers as

X A
max ¼ X p

max # X 0 lnA (2)

where X 0 ¼ 36:7 g=cm2 is the radiation length in air [20,21].
Or, measuring the electron-to-muon ratio in showers. A
Heitler model of hadronic showers [21] yields the relation

lgðNe=NmÞ ¼ C # 0:065 lnA. (3)

This illustrates the sensitivity of air shower experi-
ments to lnA. To measure the composition with a
resolution of 1 unit in lnA the shower maximum has to
be measured to an accuracy of about 37 g=cm2 (see Eq. (2))
or the Ne=Nm ratio has to be determined with an relative
error around 16% (see (3)). Due to the large intrinsic
fluctuations in air showers, with existing experiments at
most groups of elements can be reconstructed with
D lnA ! 0:821.

The detection principle is illustrated in Fig. 3, depicting
the number of electrons as function of the number
of muons at shower maximum. The symbols represent
fully simulated showers with discrete energies in steps
of half a decade, for details see Ref. [21]. The lines
represent predictions of a Heitler model of hadronic air
showers [21]. The solid lines are lines of constant mass

NejA ¼ 7:24 ' A#0:16N1:16
m (4)

for primary protons and iron nuclei. The dashed lines
correspond to a constant energy, following:

NejE0
¼ 5:30 ( 107ðE0=PeVÞ1:37N#0:46m . (5)

The sets of lines define a parallelogram giving the axes for
energy and mass in the Ne– Nm plane as indicated by the
arrows. The dotted lines represent a constant Xmax,

separated by 100 g=cm2 according to

lgNejXmax
¼

Xmax þ 287:9 g=cm2

569:6 g=cm2
þ 1:02 lg Nm. (6)

A similar plot is presented in Fig. 4, showing the Ne– Nm
plane for showers measured with the KASCADE experi-
ment. The third dimension gives the production height of
muons [22]. In the Ne– Nm plane light primary elements are
expected in the upper left part of the figure. This is
underlined by the measurements yielding in this area deeply
penetrating showers. Attention should be paid when the
two figures are compared: Xmax for the electromagnetic
component (Fig. 3) is compared to Xmax for the muonic
component (Em40:8GeV, Fig. 4). Fig. 3 represents Ne and
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Fig. 3. Number of electrons vs. number of muons at shower maximum for
fully simulated showers (symbols). The lines represent predictions of a
Heitler model: solid—constant mass for protons and iron nuclei (4),
dashed—constant energy (5), and dotted—constant depth of the shower
maximum Xmax (6).

Fig. 4. Number of electrons vs. number of muons for showers measured
with the KASCADE experiment, the third dimension is the muon
production height [22].
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