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Problem 32 Electromagnetic cascades - Heitler model
High-energy electrons and photons impinging on matter initiate electromagnetic
cascades. In case of the Earth’s atmosphere, the electrons/photons will start an
extensive air shower, whose largely predominant component is the electromagnetic
cascade (small hadronic cascades can be produced through photo-evaporation of nu-
cleons on the target nuclei). During the development of an electromagnetic cascade,
each photon will produce an electron/positron pair (the energy of each e± is half of
the energy of the original photon) and each e± will loose energy by emitting photons
through bremsstrahlung emission.

In the Heitler model, the pair production mean free-path and the bremsstrahlung
emission are approximated to be equal (in reality λe± = 9

7
λbrems) and the shower

development is evaluated in terms of “steps” (or “number of interactions”). Each
step has the same length d = X0 ln 2, where X0 = 36.66 g cm−2 is the radiation
length in the atmosphere. At each step, each photon of the cascade produces one
e+ e− pair, while each e± will loose half of its energy by emitting one single photon.
In this scenario, the amount of particles in the cascade doubles after each step and
their energy halves until their energy E = E0/N is no longer above the critical
energy Ee

c = 85 MeV. This stage of the shower development is referred to as the
shower maximum. The depth of the shower maximum in the atmosphere Xmax is
equal to

Xγ
max = X0 ln

(

E0

Ee
c

)

and the corresponding number of secondary particles is Nmax = E0/E
e
c .

In this scenario, the number of e+e− at Xmax should be N e
max = 2

3
Nmax, but an

empirical corrective factor g must be added to take into account the overproduction
of photons in the air shower. Therefore,

N e
max =

E0

g Ee
c

where g ∼ 13.

a) Given an electromagnetic cascade, derive the relation

Xmax = 597 g cm−2 + 84.4 · log10

(

E0

1015 eV

)

g cm−2

and calculate the mean particle energy in each shower generation as function of the
crossed atmospheric depth.



b) Calculate the number of electrons at shower maximum and the depth of the
shower maximum of an electromagnetic cascade in air for an initial energy of Eγ =
10 TeV and 10 PeV, respectively.

Problem 33 Hadronic showers - Heitler model
A Heitler-type model can be adopted to describe the development of hadronic show-
ers in the atmosphere. Similarly to the electromagnetic case (see Problem 32) the
atmospheric depth is divided in n layers, each of them with thickness d = λi ln 2,
where λi = 120 g cm−2 is the mean hadronic interaction length for charged pions.
After the first interaction the cascade propagation is governed by the production
and interaction of secondary pions. At each interaction NCh charged pions and
1

2
NCh neutral pions are produced. The neutral pions instantly decay into 2 photons,

starting an electromagnetic cascade, while the charged pions will interact until their
energy is no longer above their “critical energy” Eπ±

c = 20 GeV. The number of
interactions nc needed to reach E < Eπ±

c is then given as

nc =
ln(E0/E

π±

c )

ln(3
2
NCh)

.

Note: “critical energy” for charged pions is here defined as the energy where the
probability to decay is equal to the probability for a hadronic interaction.

In case the primary particle it is a heavier nucleus with mass number A, the cascade
can be described as the sum of A cascades started by A protons with E = E0/A
(“superposition model”).

a) By assuming NCh = 10 and assuming that all charged pions decay to muons (we
neglect the further decay of muons), compute the number of muons at ground level
as a function of the primary particle energy E0 and mass number A.

b) The energy fraction carried on by the electromagnetic component in an extensive
air shower can be written as

Eem

E0

= 1−

(

E0

A Eπ±

c

)β−1

where β is equal to 0.9.
By using the formula written in Problem 32, calculate the number of electrons at
Xmax for a shower started by a Helium nucleus with E = 1018 eV.

c) In this scenario the atmospheric depth XA
max of an extensive air shower started

by a particle with mass number A and energy E0 can be written as

XA
max(E0) = Xp

max(E0)−X0 · lnA

where, X0 = 36.66 g cm−2 is the radiation length in atmosphere, and Xp
max(E0)

the depth of the shower maximum for an air shower initiated by a proton with the
energy E0.
In this scenario the maximum atmospheric depth for a proton can be written as

Xp
max(E0) = 442.9 g cm−2 + 70.0 g cm2

· log10

(

E0

PeV

)



Compute the depth of the shower maximum for an air shower started by a proton
and an iron nucleus, respectively with an energy E0 = 1018 eV and compare the
results to the results of Problem 31 and discuss the differences.

Note: for any further detail about the Heitler model, please read the following ar-
ticle http://arxiv.org/pdf/astro-ph/0611387.pdf. This article will be dis-
cussed during the tutorial session.

Problem 34 Neutrons in high-energy cosmic rays
In the literature it is argued that neutrons emitted from the center of our Galaxy
could yield to an anisotropy in the arrival direction of cosmic rays at Earth at ultra
high energies. Neutrons impinging the atmosphere start an extensive air shower in
a very similar way as protons. They are not deflected in the (galactic) magnetic
fields and, therefore, keep the direction information about their source.

At which energies should such effect be visible?

The solutions will be discussed during the werkcollege on 23.11.2015 in HG03.082.
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