16.5 Elongation rate theorem

The elongation rale describes the change ol the depth ol the shower maximum per
dccadc In energy [“v?ﬁ, 52h] and 1S dcﬁncd~ as

(16.21)

It is closely related to possible «.hangcs of thc cosmic ray composition and also

depends on the overall characteristics of hadronic interactions at high energv

From Eq. 15.29 and the fact that the radiation length 1n air is 37 /um , 1t fol-

lows thaf the elonoanon rate of electmmaonétlc' showers is Dem = In( IO) X X 0 A

85 p/cm” in the energy range in which the LPM cifect can be neglected. Assum-
m hadronic interactions satisfy Feynman scaling with energy-independent
cross sections, the relative energy splitting in the hadronic skeleton of the shower
is independent of the primary energy (i.e. it scales with energy). As a consequence,

and since the electromagnetic component is dominated by the earliest (1.e. most

energetic) generations of hadronic interactions, the elongation rate of the hadronic

em

shower 1s also D\g' 1n the presence of Feynman scaling.
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It is shown that evidence on cosmic-ray showers of energy 3% 10'¢ to 10?° ¢V indicates
that scaling in the fragmentation region is valid up to the highest energies if (and only if)
hadron-air inelastic cross sections continue to rise in the manner observed at lower ener-

gies.

It is also shown, with use of additional air-shower evidence, that {ln A4),

the log-

arithmic mean primary mass number, changes from (4 2) at 1.6X10%® eV to (O+° 6 at

and above 3x10% eV,
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FIG. 1. X,(g cm™? as a function of energy. The points
above 101% eV are identified in Table I. Point P, see
text and Ref. 14. Point 4, see text and Ref. 16. Deriva-
tion of the solid and dotted lines is described in the text.

so-called “elongatlon rateg” equal by def1n1t1on
ito dX,/dInE. X,

fin sHower aevelopment, and in case of mixed
{ primary composition over the equal-energy mass;j
¢ spectrum. For numerical results we use “ER  }

) discuss the data on X in terms of D, , the

is averaged over fluctuations



The approximation 15.28 is plotted in Figure 15.2 to illustrate how showers
evolve over a wide range of primary energy. Shower maximum occurs for s = 1.

Therelore [rom Eqg. 15. 20 wuh n = 0

,.? X.‘ffl,‘? X0Tmax = Xoln (1: ) (15.29)
and |
0.31 E . [ Ey(GeV'
Nem — 0108 ( IS -’). (15.30)
v In(Eo/E.) Ec 104

Analogous relations for charged particles in hadron-induced showers will be
discussed in the following chapter.

['igure 15.2 shows how L[q. 15.28 for electromagnetic cascades evolves over a
wide runge ol primary photon energy. Sumilar relations among shower age, depth ol
maximum and sizc at maximum can be applicd in the analysis of showers initiated
by primary cosmic rays.
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To obtain a more quantitative estimate we consider the depth of maximum of a
proton shower which we approximate by that of thc EM subshowers produccd by

thc sccondarics of the first intcraction, scc Eq. 16.3,

?, \X"“d(L’)> (XM (E /) + hint (16.22)

max max .

P .

where {(n) is related to thc multiplicity of sccondaric:ﬁ in the high-energy hadronic
interactions in the cascade. From Eq 16.22 follows

','" /le]~ s
1 F)) = In(10) X, [1

[Hax

dlon ‘

dln« n>] B d},t (16.23)

i
dlnE dlan

namely U
?5‘* < ln(l()))so(l — B, — B,), (16.24)
with
dlnn) Aine d In A,m .
o = (16.25)
"TdmE" M7 X dInE R

AR

For cxamplec. for a multlpllcny dcpcndcncc of \n\ x E'fonc gets B, = & in the
approximation that all sccondarics have the same cncrgy.

Jorg R. Horandel, APP 2021/22
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(16.26)

In gcncral i the presence of usmg cross sections and violation of l-'cynman scal-

RN O N S sl Los o 3

ing as obscrved at colliders, the 1nclast1c1tv of intcractions increascs with ¢ cncrgy.

RS ..,-749 FREIEEEES . v—-Q R

A% a consequence, the elon atmn rate of hadronic showers is alw ways qmaller than

RIS

that of electromagnemc bhO\VCl‘S Hence, observing an elongatlon rate similar or

ISR s g (—re“'-.-.’»-_, e ~-.7wN ;:lﬁw-.’wnm

laroer than 85 g/cm isavery strong 1nd1cat10n of a chanoe of the mass composmon

e pas Lo s

Loward 2 huhlcr mix ol IIIIIdI' ) arllclcb
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16.6 Shower universality and cross section measurement

By the 1980s Hillas had alreadv pointed out that electromagnetic showers exhibit
universality features [527]. 'The pudn,tmn of cascadc theory fm' the mean longitu-
dinal profile of EM shower >‘bemg onlv a func tlonoi shower age s can be extended

tldvldualhoer B) mtromg the empmaldeﬁmo of soxer gc

(16.27)

cach individual shower pmﬁIL can he consldcn_d as funmon of this age parameter.
As simulations show, the normalized shower profiles are reasonablv well described
by a single universal profile, independent of primary encrey and cven of the mass
composition [528, 529]. The origin of this universality lies 1n the nature of the cas-
cade process for large particle numbers and 1s related to particle multiplication and
absorption reaching an equilibrium al shower maximum, washing oul any nitial
ﬂuctuations[ »()J l'or hwh-energy showcrs 1L 10“ e\/) escenmllv all relevant

[W-l 33 I] Qg.h paramcm?anomarc'partu.ualw U\C tlmatmgt c
Cherenkov light contribution [532] to the shower signal measured with fluores-
cence telescopes. Very powerful shower reconstruction methads can he developed
by emploving unmversalily [eatures (0 oblain an elfective multivariale analysis of
all ohservables [333].

II'
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Umversahty of electron p051tron dlstrlbutlons in extenswe air showers

S. Lafebre **, R. Engelb H. Falcke“] Horandela T. Huege? J Kuupers R Ulrlchb

3. Longitudinal description

There are several ways to describe the longitudinal evolution of

an air shower.
Slant depth X measures the amount of matter an air shower has

traversed in the atmosphere, in g/cm?.
Relative evolution stage is defined here in terms of the depth rel-
ative to the slant aepth %max, where the number of particles in the

air shower reaches its maximum

with X ~ 36.7g/cm? being the radiation length of electrons in air.
Becuse the shower max1mum always lles at t= 0 descrlbmg mul—

. e 15 defined here So tl at s = 0 at the top of the atmo-
spHere s=1at the shower maximum, and s = 3 at infinite depth

3X 4 X/ Xo

X + 2Xmax t/3 7+ Xmax/XO 7 _."

The concept of shower age arises naturally from cascade theory in
purely electromagnetic showers [3,27]. Jorg R. Horandel, APP 2021/22 46
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4. Energy spectrum

From cascade theory, the energy spectrum of electrons and pos-
itrons as a function of shower age takes an analytical form as
derived by Rossi and Greisen [3]; a thorough previous study of this
parameterization was done by Nerling et al. [10]. Loosely translat-
ing this description in terms of t, we replace the equation by

)’Vl (6 + EZ)VZ )

where € is the energy of a given secondary particle in the shower,
and €;, depend on t. We have performed a fit to this function for
electrons, positrons and their sum, indirectly providing a descrip-
tion of the negative charge excess of extensive air showers as a
function of evolution stage and secondary energy. In these fits the
exponent y; was fixed at y, = 2 for positrons and y, =1 for both
electrons and the total number of particles. The parameters for all
three cases are explained in Appendix A.1.

Fig. 2. Average energy distribution for different evolution stages t = —6,0,6 for
electrons (marked e~), positrons (e*), and their sum (e*). Background curves

represent simulated distributions for different primaries (p, Fe, and y) and energies
(10'7,10'® and 10" eV). The corresponding parameterized distributions from (6)

are plotted on top (dashed).

S. Lafebre et al./ Astroparticle Physics 31 (2009) 243-254



5. An%lar sgectrum

The angular dlstrlbutlon of partlcles is anlmportant factor for
observations with “and radio telescopes. I '
radio detection an antenna needs to be laced cloe to the shower
impact position, because geosynchrotron radiation is beamed in a
very narrow cone in the direction of propagation [33]. As far as
the particle distributions are concerned, the size of the patch that
is illuminated on the ground then depends on the lateral distribu-
tion of the particles (cf. Section 7) and the angle with respect to the
shower axis at which they propagate. Likewise, for Cherenkov
observations the angle at which photons are emitted is a convolu-
tion of the density-dependent Cherenkov angle, which is of the or-
der of ~ 1°, and the angular distribution of the particles that emit
them.

n(t;In e, Q)

To compensate for the increase in solid angle with rising 6, the dis-
tribution of vertical momentum angles plotted here is defined in
terms of Q as

(7)

S. Lafebre et al. / Astroparticle Physics 31 (2009) 243-254
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Fig. 4. Normalized average distributions n(t;Ine, Q) for different shower stages,
averaged over 20 proton-initiated showers at 10'®eV.



nlvrsallt 1th respect to alls us to parameterize this
: momen-

to describe the distribution. Values for «; and b;, which envelop the
dependence on €, are chosen such that the first term describes the
flatter portion of the angular distribution parallel to the shower axis
and the second represents the steep drop. The value of ¢ determines
the smoothness of the transition from the flat region to the steep re-

gion. Best fit values for o, b;, and «; are given in Append 10' [ —— - .
L q i
<
L=~ ¢\6
10° |
S 10t
- :
: I
S I
Il 2
= 1071
= :
10° |
r ——— Simulations
- ----. Parameterization
104 Ll
0.1° 1o 10°

Fig. 5. Normalized average electron distributions n(t = 0;ln€, Q) (solid) for 20
proton showers at 10'® eV with 3¢ statistical error margins (filled area). For each
energy, corresponding parameterizations according to (8) are also drawn (dashed).

S. Lafebre et al./Astroparticle Physics 31 (2009) 243-254



7. Lateral distribution S. Lafebre et al. /Astroparticle Physics 31 (2009) 243-254

The lateral spread of partlcles in an air shower is of direct rele-
vanc1ce 1t Is the primary means of otlnlng in ormatlon aout
ToUNd-based SCINTIIATOT exXperiments measuring
partlle dn51t1esat different latel dlstances By integrating the
measured distribution or using the particle density at a given dis-
tance, an estimate for the primary energy can be made. Exact
knowledge of the lateral distribution shape is therefore crucial to
accurately determine the shape of the cosmic-ray energy
spectrum.

When looking at the lateral distribution of electron and posi-
trons in terms of the lateral distance r from the shower axis, a very

0w —
poor level of universality is encountered. This is mainly due to dlf— i " e~1MeV
ferences in atmospheric density at themalwaual vaiues of 32 x. 102 ]

€= 170 MeV

where pA(h) is the atmospherlc density as a function of height h. For
different values of €, the normalized lateral particle distribution at
t = 0 is shown in Fig. 9 as a function of distance for 20 individual
proton showers. In this figure, all curves line up as the compensa-
tion for density is applied. Note that the physical density N(t;r), ex-
pressed in particles per unit area, is proportional to N(t;Inx)/x?:

n(t=0;1lne 1n x)
\\‘ 1 \\‘ 1

and decreases StI'lCt y with distance from the shower axis. As ex- Fig. 9. Electron distributions n(t = O;In€,Inx) for different electron energies as a

pected partlc]es with h]gher energles tend to remain closer to the functlon of distance to the shower axis for 20 individual showers initiated by
10'® eV protons. The curve set for 1GeV is at the actual level; consecutive sets are

shower axis. This agrees with .th.e observation that the angle of their .. up by a factor of 10,

momentum to the shower axis is smaller.



S. Lafebre et al./Astroparticle Physics 31 (2009) 243-254 There is no statistically relevant dependence of the lateral dis-
tribution on zenith angle of incidence, nor does it change when
electrons or positrons are considered separately, except at energies
€ < 10MeV. There is, however, a significant effect with shower

stage as shown in F1g 10 older Eowers tend to Be Wlaer at tﬁ

same secondary energy. lnerefore, unlike in the case of angular

mr%m:%ameterization of the lateral distribution a

10° ] | — _dependence on t must be incorporated. There is also a minor effect

- e~ 1MeV of the energy of the primary on the distribution, but this is only
= appreciable for secondary energies of € > 1GeV.

n(t; In €, In x)

Mm density only occurs at high energles and at some dis-
tance, implying that the total electron density in the region of sen-
sitivity would be very small. Additionally, the effect does not
appear at the same distance for different electron energies. This
makes the feature less pronounced when an integrated energy
spectrum is measured.

10>

Fig. 10. Average distributions n(t;Ine€,Inx) for different shower stages, averaged
over 20 proton-initiated showers at 10'®eV, clearly showing dependence on t.
Again, consecutive sets are shifted up by a factor of 10.



S. Lafebre et al./ Astroparticle Physics 31 (2009) 243-254

Tradltlonallx the integral lateral electron distribution is_de-
scrlbed by an approx1mat10n of the analytlcal calculatlon of the lat—_

Kamata-Greisen (NIG)ftO» [36,37]. The 1ntegral lateral distri-
bution for our simulated set of showers n(t;Inx) x x2p,,, is repro-
duced well by a parameterization of thlS orm, provided that we
allow the parameters to be varied somewhat. Let us define

n(t; Inx) = Cox% (x; + x)! (13)

as parameterization. In the original definition, described in terms of
shower age s, we have {; =s,{; =s — 4.5, and X| = 1. Our simulated
lateral spectra closely follthevaluesé? 0.0238t + 1.069, ¢
0.0238¢ —2.918, and x; = 0.430 to an excellent level for 10
x < 10




proton-air cross section

One applu.atlon of shower universality is the measurement of the pr oton—air
cross section with air %howers The depth of the ﬁrst lnteracuonpomt of a hower
is exponentlallv dlstrlbuted

(16.28)

where Ay, 1s the interaction lo “which is related to the particle production cross

section g (see Eq. 4.82) hy th = (Myir)/Oproq- Tt is, however, impossihle to
measure the early, low-multiplicity part of the shower development well enough
to infer X directly. Auxiliary quantities such as the depth of shower maximum,

X max. have to be used to derive mformatlon on the first interaction [ pomt Indeed.

At

the distribution of X pay 18 Jppro\unalcly cxponc:nu..tl as expected d from { ( 16.28) ). The

slope ol this distribution, A. has o be converted (o Ay with detailed shower und
detector simulations due to the importance of fluctuations. Siumulations indicate
that ~ 50% of the size of the shower-to-shower fluctuations of X, of proton
showers arc duc to the fluctuations of the first intcraction point, for which we have
RMS(X|) = Ajnt-

Jorg R. Horandel, APP 2021/22
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In addltlon to thc need for correeting for shower-to-shower fluctuations, cross
section measurements are also subJect to uncertamues ammgfrom the unknown

primary mass composition. Typically showers with very deep X ax are selected to
suppress the contamination by heavier primaries.

A compilalion ol p-air cross section measurements 1s shown in Figure 16.4. The
low-energy data are from experiments measuring the attenuation of the hadron flux
in the atmosphere and the high-energy results are based on air shower measure-
ments in combination with universality assumptions; scc [535] for an overview of

the different measurement methods, where also the references to the original work
are given.

Jorg R. Horandel, APP 2021/22
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Figure 10.4 Proton—air cross seclion measured wilh cosmic

ray experiments. The

data are compared (o predictions ol hadronic inleraction models. From Rel. [534],

where also the references to the data and models are given.
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Measurement of the Proton-Air Cross Section at \/s = 57 TeV
with the Pierre Auger Observatory
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being §
L 101824000560 ¢V The differential energy distribution :
¢ for these events follows a power law with index —1.9. |

the average energy of these events

{ The average energy corresponds to a center-of-mass §
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FIG. 1 (color online).

1200

Unbinned likelihood fit to obtain A77

(thick line). The X, distribution is unbiased by the fiducial
geometry selection applied in the range of the fit.



Determmatlon %) the 2 CTOSS sectlon —The determination
of the proton-air cross section for particle production
egulres the use of air-shower simulations, which inher-

NP AR N M P A A M A AN M A N s w;—-ﬁ”wmnw

ently introduces some dependence on model assumptlowns

L bae i o

We emulate the measurement of A with Monte Carlo
simulations to derive predictions of the slope, AMC It 1s

known from prev10us work that the values of AMC are
‘re» lned to the hadronlc cross sectlons usedln the

s1mulat10ns [2]. Accordingly we can explore the effect
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We present calculations of the type that will be necessary for interpretation of large cosmic-ray
experiments that measure longitudinal profiles of individual showers. A primary goal of such
experiments is to determine both cross section and composition around 1018 eV,

Even without the problem of heavy primaries, - 1
measurement of x,, or x4 alone cannot determine an " 1

arbitrarily large proton cross section because of in- 100~ 7
trinsic fluctuations in shower development. The
results of our calculations bear this out, as shown in i i
Fig. 2. Here we show A, for proton showers only, as {';'“,cmz, L :

50— -]

a function of o ,_,; at 3 x 10! eV. For the atmos-
phere,

L 2.4x10°
O p-air (mb)

)\p-air (g/cmZ) =

500 1000 1500
1 e s RN A Op-oir at 3x10'7 eV (mb)
We emphasize that Fig. 2 cannot at present be used FIG. 2. A, vs o, for proton showers chosen from a

for an accurate determination of o ., from A, be- power-law energy spectrum (differential index = 2) with

cause of the dependence on composition mentioned Eo>3x10'7 eV. Error bars show statistical uncertainty
.. . T from the simulation result. Since the figure shows proton

above. In addltlon’ pOSSIble effects of uncertainties showers only, it cannot be used for an accurate determina-

in the interaction model and of instrumental fluctua- tion of . See text.
tions need to be understood.
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Measurement of the Proton-Air Cross Section at \/s = 57 TeV
with the Pierre Auger Observatory
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FIG. 2 (color online). Resulting az_air compared to other ! i 259 30 mb
measurements (see [18-20,30-34]) and model predictions. The | Helium, 50% —80 mb
Total (25% helium) —36 mb, +28 mb

inner error bars are statistical, while the outer include systematic
uncertainties for a helium fraction of 25% and 10 mb for the
systematic uncertainty attributed to the fraction of photons.
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FIG. 3 (color online). Correlation of elastic slope parameter,
B, and the inelastic proton-proton cross section in the Glauber
framework. The solid line indicates the parameter combinations
yielding the observed proton-air production cross section, and
the dotted lines are the statistical uncertainties. The hatched area
corresponds to the predictions by SIBYLL, QGSJET, QGSJETII, and
EPOS. See also Ref. [5].

Comparison with accelerator data.—For the purpose of

making comparisons with accelerator data we calculate the
1ne1astlc and total proton-proton cross sections using the
auber model. We use standard Glauber formalism [21],

This Glauber calculation 1s model-dependent since nei-
ther the parameters nor the physical processes involved are
known accurately at cosmic-ray energies. In particular, this
applies to the elastic slope parameter, B (deﬁned b
dael / dt o exp(— t|Bg;) for very small t), the correlation
of B, 10 the cross section, and the cross section for dif-
fractive dissociation. For the example of a}ﬁ‘lﬁl, the correla-
tion of B, with the cross section is shown in Fig. 3 for
A = 0.5. We have used the same four hadronic interaction

models to determine the uncertainty band of the B,;- amel
correlatlon Recent Cross- sectlon models such as [23] fall
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FIG. 4 (color online).

Measurement of the Proton-Air Cross Section at \/s = 57 TeV
with the Pierre Auger Observatory
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We find that in the Glauber framework the
inelastic cross section is less dependent on model assump-
tions than the fotal cross section. The result for the inelastic
proton-proton cross section is

oinel = [92 + 7(stat) *7, (syst) = 7(Glauber)] mb,
and the total proton-proton cross section is

oot = [133 = 13(stat) ¥/ (syst) = 16(Glauber)] mb.
m—m.:.-—mew"vw—m"vw‘m o o 3
The systematic uncertainties for the inelastic and total

cross sections include contributions from the elastic slope
parameter, from A, from the description of the nuclear
density profile, and from cross-checking these effects
using QGSJETII [9,24]. For the inelastic case, these three
independent contributions are 1, 3, 5, and 4 mb, respec-
tively. For the total cross section, they are 13, 6, 5, and
4 mb. We emphasize that the total theoretical uncertainty
of converting the proton-air to a proton-proton cross
section may be larger than estimated here within the
Glauber model.

Comparison of derived o' to model

predictions and accelerator data [29]. Here we also show the

cross sections of two typical high-energy models, PYTHIA6 [35]

and PHOJET [36]. The inner error bars are statistical, while the
outer include systematic uncertainties.



