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The field detector array of the KASCADE experiment measures the electron and muon component of extensive 
air showers in the knee region with high precision. A baysian unfolding procedure is presented in which the 
two-dimensional shower size distribution (Ne, NF) is examined. On the arbitrary assumption that the chemical 
composition consists of five primary mass groups (hydrogen, helium, carbon, silicon and iron) the size distribution 
is deconvoluted to reconstruct the energy spectra of these mass groups in the energy range between 1015 eV and 
1017 eV. The energy spectra of the lighter element groups result in a knee-like bending with a steepening above 
the knee. The topology of the individual knee positions suggest a rigidity dependence. 

1. Introduction 2. Simulation and Reconstruction 

The knowledge of the energy spectra of differ- 
ent components of primary cosmic rays in the 
knee region is of vital importance for testing al- 
ternative hypotheses of the cosmic ray (CR) ori- 
gin and acceleration. The presented analysis of 
EAS benefits from the simultaneous measurement 
of different observables for each individual event 
by the KASCADE experiment [l]. Appropriate 
unfolding procedures taking correlations into ac- 
count make it possible to deconvolute such mul- 
tidimensional size distributions and result in en- 
ergy spectra for various primary mass groups. 
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The analysis is based on a large set of 
CORSIKA simulation patterns [2] including a full 
simulation of the detector response. The simu- 
lations have been performed using the interac- 
tion model QGSJET (vers. of 1998) [3]. For low- 
energy interactions the GHEISHA code [4] is in- 
voked. Samples of about 130,000 proton, helium, 
carbon, silicon, and iron-induced showers have 
been simulated. The centres of the showers are 
spread uniformly over the area of the detector ar- 
ray. The energy distribution follows a power law 
with a spectral index of -2 in the energy range 
1Or4 eV to 101’ eV and the zenith angles are dis- 
tributed in the range [0”, 42’1. The method de- 
scribed below is applied on size spectra for 3 indi- 
vidual angular intervals and the resulting spectra 
are combined to increase the statistics. 
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Figure 1. The measured size spectrum (grey 
scale) is compared with the reconstructed distri- 
bution (contour); 8 E [O”, 18“]. 

3. Bayesian Unfolding 

In general the process of measuring distribu- 
tions of physical observables g(iVer NET) is often 
disturbed by inherent limitations which lead to 
the nontrivial problem of inferring true distribu- 
tions from measured ones. Confining conditions 
like limited acceptance or efficiency of the detec- 
tor arrangement, finite resolution, strong intrinsic 
fluctuations and parameter transformations have 
to be taken into account to solve the inverse prob- 
lem. Suitable methods to infer physical quanti- 
ties are unfolding algorithms based on Fredholm 
integral equations of lat kind 

where the transfer function ti(Ne,NF]E) (i E 
{p, He, C, Si, Fe}) has to cover all the above 
mentioned limiting effects and is realized by 
means of detailed Monte Carlo (MC) simula- 
tions, Various mathematical methods and vari- 
ants of unfolding procedures [5,6] exist to deter- 
mine the energy distribution pi(E) for the dif- 
ferent masses i. To crosscheck systematic uncer- 
tainties due to the method applied, KASCADE 
data are analysed with conceptually different al- 
gorithms: a Bayesian approach presented in this 
paper, neural network and Bayesian classifier al- 
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Figure 2. The difference (N,,, - NMC)/N~~~ 
between experimental and simulated data is dis- 
played; 0 E [O’, 18”]. 

gorithms [7] and a Gold unfolding method de- 
scribed in Ref. [8]. The used Bayesian unfolding 
method [5] is a powerful algorithm which allows to 
analyse multidimensional data sets (N,, NF) (see 
Fig. 1) and is capable to propagate errors of both 
Monte Carlo statistics and measured data [5]. For 
sake of simplicity only one primary mass is con- 
sidered in the following, but the method can eas- 
ily be extended to cope with more than just one 
mass group. Arranging measured and simulated 
data in histograms one is dealing with sums of 
matrices but no more with integrals from Eq. 1. 
Evidently the applied unfolding method is based 
on Bayes’ Theorem 

If a single event (N,, NF) is observed, the prob- 
ability that it is caused by the i-th unknown en- 
ergy Ei is proportional to the probability of the 
cause Ea times the probability of the cause to 
produce the observation (N,, Nr) (normalised to 
unity). Thus the general idea is to connect initial 
and measured distributions by assuming a priori 
knowledge, i.e. Po(Ei). If n(N,,NF) events are 
observed, the expected number of events assigned 
to each of the causes is 

A(Ei) = n(iV,, NE). P(E$Ve, A$“) (3) 
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Figure 3. Result of the Bayesian unfolding proce- 
dure. Ticked Error bars correspond to the error 
of the reconstructed number of events. The grey 
coloured error bars reflect the propagated error 
due to finite MC and measurement statistics. 

As the outcome of measurements one has several 
possible effects n(N,,j, NEj) (j E (1,. . . , no} is 
the corresponding bin) for a given cause Ei. For 
each of them the Bayes formula Eq. 2 holds and 
P(&lNe.,j, NEj) can be evaluated. Finally the 
expected number of events to be assigned to each 
of the causes and only due to the observed events 
can be calculated applying Eq. 3 to each of the 
effects 

j=l 

The final estimate ti(&)]obS of the initial (phys- 
ical) energy distribution PO(&) is determined in 
an iterative procedure and Eq. 4 might be inter- 
preted as the discrete inversion of Eq. 1. 

4. Results and Conclusion 

After applying the algorithm the reconstructed 
size distribution J(N,, NF) can be compared with 
experimental data as shown in Fig. 1. The dif- 
ference plot in Fig. 2 reveals several difficulties. 
First of all the lack of MC data at the threshold 
prevents to extract the energy spectrum at ener- 
gies less than 1015eV. In addition, the limited 
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Figure 4. Correlation matrices of the Bayesian 
Unfolding procedure. The upper panel displays 
the correlation between proton energy bins (ab- 
scissa) and Helium energy bins (ordinate). The 
lower graph displays the correlation of different 
energy bins of the reconstructed proton spectrum. 

MC statistics does not allow to describe the re- 
gions of small statistics. Especially a band along 
the proton region occurs (lower bound of the con- 
tour) reflecting the fact, that protons have large 
fluctuations, which are not well reproduced by 
the limited MC proton statistics. The resulting 
energy spectra are shown in Fig. 3. The knee 
in the total energy spectrum at about 5-6PeV is 
caused mostly by the steepening of the spectra 
of the light components. The all particle spec- 
trum agrees not only with the results of the afore- 
mentioned neural network analysis [7] but also 
with the outcome of a Gold unfolding method (81 
corroborating the results described in this paper. 
The correlation matrix pij = Qij/oi.gj displayed in 
Fig. 4 shows clearly crosstalk between individual 
energy bins not only for each single mass group 
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Figure 5. Individual spectra as a function of E/A. 
The shape of the p and He spectra differ strongly. 
The ordinate is multiplied by an arbitrary factor 
c for sake of clarity. The knee regions are marked 
by arrows. 

(lower panel), but also between energy bins of dif- 
ferent primaries (e.g. gjTHe upper panel). The 
error bars in Figs. 3, 5 and 6 show uncertainties, 
which are calculated by error propagation using 
Oij . 

The position of the steepening of the spectrum 
is shifted to higher energies for heavier compo- 
nents. To investigate the energy dependency the 
statistical most significant spectra of p and He 
are shown as a function of E/A in Fig. 5 and 
as a function of the rigidity R = E/Z in Fig. 6. 
As a preliminary result, a rigidity dependent knee 
energy seems to be favoured by comparing the 
shape and the knee energy of the individual spec- 
tra. But by far more MC data have to be simu- 
lated to reduce the large systematic uncertainties 
and to make any quantitative conclusion feasible. 
In addition systematic studies with different other 
interaction models are necessary to exclude dis- 
tortions from a specific model assumption guiding 
to a biased result. 
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Figure 6. Individual spectra as a function of the 
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